The following two results are proven: The full automorphism group of any non-projective hyperkähler manifold M is almost abelian of rank at most maximum of ρ(M ) − 1 and 1. Any groups of automorphisms of nullentropy of a projective hyperkähler manifold M is almost abelian of rank at most ρ(M ) − 2. A few applications for K3 surfaces are also given.
Introduction-Background and Statement of the results
The aim of this note is to view automorphisms of a hyperkähler manifold through their topological entropies. Our main observations are Theorem (1.3) and Proposition (1.4) .
Let M be a compact Kähler manifold. We denote the biholomorphic automorphism group of M by Aut (M ). Due to the works of Yomdin, Gromov and Friedland ([Yo] , [Gr] , [Fr] ), the topological entropy e(g) of an automorphism g ∈ Aut (M ) is given by e(g) := log δ(g) .
Here δ(g) is the spectral radius of the action of g on the cohomology ring H * (M, C), i.e. the maximum of the absolute values of eigenvalues of g * |H * (M, C). One has e(g) ≥ 0, and e(g) = 0 iff the eigenvalues of g * are on the unit circle S 1 . Furthermore, by Dinh and Sibony [DS] , e(g) > 0 iff some eigenvalues of g * |H 1,1 (M ) are outside the unit circle S 1 . A subgroup G of Aut (M ) is said to be of null-entropy (resp. of positive-entropy) if e(g) = 0 for ∀g ∈ G (resp. e(g) > 0 for ∃g ∈ G). Next we recall a few facts about hyperkähler manifolds:
Definition 1.1. A hyperkähler manifold is a compact complex simply-connected Kähler manifold M admitting an everywhere non-degenerate global holomorphic 2-form ω M such that H 0 (M, Ω 2 M ) = Cω M . Let M be a hyperkähler manifold. Then the second cohomology group H 2 (M, Z) admits a natural Z-valued symmetric bilinear form of signature (3, 0, b 2 (M ) − 3), called Beauville-Bogomolov-Fujiki's form (BF-form for short). BF-form is exactly the cup-product when dim M = 2 (i.e. M is a K3 surface) and share many of properties with the cup-product of a K3 surface ([Be2] ; See also Section 4). For instance, the signature of the Néron-Severi group N S(M ) w.r.t. BF-form is either (1, 0, ρ(M ) − 1) , (0, 1, ρ(M ) − 1) , (0, 0, ρ(M )) .
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Here ρ(M ) is the Picard number of M . We call these three cases hyperbolic, parabolic and elliptic respectively. According to the projectivity criterion due to Huybrechts [Hu] , M is projective iff N S(M ) is hyperbolic. Definition 1.2. A group G is almost abelian of finite rank r if there are a normal subgroup G (0) of G of finite index, a finite group K and a non-negative integer r which fit in the exact sequence
The integer r is called the rank of G. (The rank is well-defined as it is checked in Lemma (2.1).)
Our main result is the following: Theorem 1.3. Let M be a hyperkähler manifold of Picard number ρ(M ). Then:
(1) If M is not projective, then Aut (M ) is almost abelian of rank at most
More precisely, if N S(M ) is elliptic, then Aut (M ) is almost abelian of rank at most one. Moreover, in this case it is of rank one iff Aut (M ) is of positive entropy. If N S(M ) is parabolic, then Aut (M ) is almost abelian of rank at most ρ(M ) − 1 and is of null-entropy.
(2) Let G be a subgroup of Aut (M ) . Assume that M is projective and G is of null-entropy. Then G is almost abelian of rank at most ρ(M ) − 2. Moreover, this estimate is optimal in dim M = 2. This is an extension of our previous work [Og2] in which the case where N S(M ) is elliptic has been treated. There the notion of Salem polynomial and Dirichlet's unit theorem played important roles. Here the key ingredients are Theorem (3.1), a result of linear algebra whose source has been back to an important observation of Burnside [Bu1] , and Propositions (3.10) and (4.3). We shall prove Theorem (1.3) in Section 5.
As an application, we shall show the next Proposition in Section 6:
Proposition 1.4. Let M be a K3 surface, G < Aut (M ), and g ∈ Aut (M ). Then:
(1) G is of null-entropy iff either G is finite or G makes an elliptic fibration ϕ : M −→ P 1 stable. In particular, if G is of null-entropy, then no element of G has a dense orbit even in the Zariski topology of M . (2) e(g) > 0 iff g has a Zariski dense orbit, i.e. there is a point P ∈ M such that the set {g n (P )|n ∈ Z} is Zariski dense in M .
This result is inspired by earlier observations of [Si, Corollary 2.3] and [Ca, Theorem 1.5] and by the following question posed by McMullen [Mc] : Question 1.5. Does a K3 automorphism g have a dense orbit (in the Euclidean topology) when a K3 surface is projective and e(g) > 0?
In the same paper [Mc] , he constructed a K3 surface M of ρ(M ) = 0 having an automorphism g with Siegel disk. For this (M, g), one knows that e(g) > 0, g has a Zariski dense orbit but no dense orbit in the Euclidean topology.
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Almost abelian group
In this section, we remark a few facts about almost abelian groups defined in Introduction.
First, we justify the notion of the rank of an almost abelian group.
Lemma 2.1. Let G be an almost abelian group of finite rank. Then the rank of G is uniquely determined by G.
Proof. Let G, G (0) and r be as in Definition (1.2). Let G (1) be another normal subgroup of G of finite index which fits in an exact sequence
Here N is a finite group. We need to show that r = s. Set G (2) = G (0) ∩ G (1) . From the standard exact sequence
we have an exact sequence
Since N is a finite group and [G (1) : G (2) ] < ∞, the image of the last map is also of finite index in Z s . Thus, it is isomorphic to Z s (as abstract abelian groups) and we have an exact sequence
where N (2) is a finite subgroup of G (2) . Similarly, we have an exact sequence
where K (2) is a finite subgroup of G (2) . Taking Hom( * , Z) as groups, we obtain exact sequences
For the last two equalities, we used the fact that K (2) and N (2) are finite. Thus,
Hence r = s by the fundamental theorem of finitely generated abelian groups.
Roughly speaking, an almost abelian group is a group which is abelian up to finite kernel and cokernel. The next proposition also justifies this phrase:
be an exact sequence. Assume that Q is a finite group. Then, H is almost abelian iff so is G. Moreover the ranks of H and G are the same.
be an exact sequence. Assume that K is a finite group. Then, H is almost abelian iff so is G. Moreover the ranks of H and G are the same.
Proof. We shall show (1). The proof of (2) is similar. Assume that G is almost abelian. Take a normal subgroup G (0) as in Definition (1. 
is a normal subgroup of finite index of both G and H (0) (cf. [Su, Chapter 1] ). As before, G (0) makes G almost abelian of the same rank as H. This shows "only if part".
Group of isometries of null-entropy of a hyperbolic lattice
Main results of this section are Theorem (3.1) and Propositions (3.9) and (3.11). These three results will be used in our proof of Theorem (1.3) and Proposition (1.4).
A lattice is a pair L := (L, b) of a free abelian group L of finite rank, say r, and a non-degenerate symmetric bilinear form
Sometimes, we need to consider a "lattice" whose bilinear form is degenerate (mostly parabolic case). In this case, L is called a degenerate lattice.
By definition, a submodule M (resp. an element v = 0) of L is primitive if L/M (resp. L/Zv) is free.
The scalar extension (L ⊗ K, b ⊗ id K ) of (L, b) by K is written as (L K , b K ). We often write b K (x, y) (x, y ∈ L K ) simply as (x, y).
The signature of L, i.e. a triple of numbers of positive-, 0-, negative-eigenvalues of a symmetric matrix associated to the real symmetric bilinear form b R , is denoted by sgn L. The lattice L is called hyperbolic (resp. parabolic, elliptic) if sgn L = (1, 0, r − 1) (resp. sgn L = (0, 1, r − 1), sgn L = (0, 0, r)).
Let L be a hyperbolic lattice. The positive cone P(L) of L is one of the two connected components of {x ∈ L R | (x, x) > 0}. The boundary of P(L) is denoted by ∂P(L). Obviously, (x 2 ) = 0 if x ∈ ∂P(L). By the Schwartz inequality, one has (x, x ′ ) ≥ 0 for x, x ′ ∈ P(L) \ {0}. Here P(L) is the closure of P(L). Moreover, the equality holds exactly when x and x ′ are proportional boundary points.
We denote the group of isometries of L by:
We have an index 2 subgroup:
The spectral value δ(g) of g is the maximum of the absolute values of eigenvalues of g C . By abuse of notation, we call the value e(g) := log δ(g) the entropy of g. As we shall see in Proposition (3.2), e(g) ≥ 0, and e(g) = 0 iff the eigenvalues of g C lie on the unit circle S 1 := {z ∈ C | |z| = 1}.
The aim of this section is to prove the following:
Theorem 3.1. Let L be a hyperbolic lattice of rank r and G a subgroup of O(L) ′ . Assume that |G| = ∞ and that e(g) = 0 for ∀g ∈ G. Then:
isomorphic to a free abelian group of rank at most r − 2. In particular, G is almost abelian of rank at most r − 2.
We shall prove Theorem (3.1) dividing into several steps. In what follows until before Proposition (3.11), L is a hyperbolic lattice, G is a group as in Theorem (3.1), H will be a specified subgroup of G defined just before Lemma (3.5) 
(2) There is a positive integer n such that g n is unipotent for ∀g ∈ G, i.e. the eigenvalues of g n are 1 for ∀g ∈ G.
(3) There is an element g ∈ G such that ord g = ∞.
Proof. Since g ∈ O(L) and L is non-degenerate, we have det(g) = ±1. Let α i (1 ≤ i ≤ r) be the eigenvalues of g C (counted with multiplicities). Then
Thus, e(g) ≥ 0, and e(g) = 0 iff the eigenvalues of g C lie on S 1 . This proves (1).
Since g is defined over Z, the eigenvalues of g C are all algebraic integers. Thus they are all roots of unity by (1) and by the Kronecker theorem [Ta] . Since the characteristic polynomial of g is of degree r and it is now the product of cyclotomic polynomials, the eigenvalues of g lie on:
There are finitely many d with ϕ(d) ≤ r. Let n be their product. Then g n is unipotent for ∀g ∈ G. This proves (2).
Let us show (3). We have G < GL(L C ) ≃ GL(r, C). Assume to the contrary that G consists of elements of finite order. Then each g ∈ G is diagonalizable over L C . Let n be as in (2). Then, g n = id for all g ∈ G, that is, G has a finite exponent n. However G would then be a finite group by the following theorem (3.3)(2) due to Burnside [Bu2] (based on the statement (3.3)(1) proved by [Bu1] ), a contradiction:
(2) Any subgroup of GL (r, C) of finite exponent is a finite group.
Remark 3.4. After Theorem (3.3)(2), Burnside asked if a group of finite exponent is finite or not (the Burnside problem). It is now known to be false even for finitely generated groups. The original Burnside problem has been properly modified and completely solved by Zelmanov. (See for instance [Ze] about Burnside problems.)
Lemma 3.5. H is a normal subgroup of G. Moreover, H has an element of infinite order.
Proof. Let g be as in Proposition (3.2)(3) and n be as in Proposition (3.2)(1). Then g n is an element of H of infinite order. The only non-trivial part is the closedness of H under the product, that is, the fact that if a, b ∈ H then ab ∈ H. Since a l b m ∈ G, this follows from the next slightly more general result together with Proposition (3.2)(1).
(2) Let A, B ∈ GL (r, C) such that A and B are unipotent and such that the
Proof. One can easily see the statement (1) by writing z i in the polar coordinates. Let us show (2). We may assume that A is of the Jordan canonical form A := J(r 1 , 1) ⊕ · · · ⊕ J(r k , 1) .
We fix m and decompose B m into blocks as:
We calculate
Using an explicit form of J(r i , 1) l and calculating its product with B ii , we obtain:
On the other hand, by the assumption and (1), we have |tr A l B m | ≤ r ∀l . Thus, by varying l larger and larger, we have b t = 0 for t = s , s − 1 , · · · , 1 inductively. This implies
Since the eigenvalues of A l B m lie on S 1 , this together with (1) implies the result.
is the subgroup of GL (r, K) consisting of the upper triangle unipotent matrices.
Proof. By Lemma (3.5), H is a unipotent subgroup of GL(r, Q). Thus, the result follows from Lie's theorem which is again based on Burnside's theorem (3.3)(1).
(See for instance [Hu, 17.5 Theorem] .) Strictly speaking, Lie's theorem claims that
Thus, by induction (applied for L Q and L Q /Qu 1 ), we obtain a desired basis u i r i=1 of L Q and therefore an embedding H < T (r, Q).
So far, we did not really use the fact that G and H are subgroups of O(L). From now, we shall use this fact.
Proof. Let us first show (1). By assumption, N can be naturally embedded into O(x ⊥ L ). Here (and hereafter) x ⊥ L := {y ∈ L|(x, y) = 0} denotes the orthogonal complement of x in L. Since L is hyperbolic and (x 2 ) > 0, the lattice x ⊥ L is of negative definite. Thus O(x ⊥ L ) is finite. This shows (1). Note also that, as a special case of (3.8)(1), one has |O(L)| < ∞, whence |N | < ∞, if r = 1.
Let us show (2). Let us find an element v ∈ ∂P(L) ∩ L \ {0} such that a(v) = v for ∀a ∈ H by the induction on r ≥ 2. By Corollary (3.7), there is u ∈ L \ {0} such that a(u) = u for ∀a ∈ H. By (1), we have (u 2 ) ≤ 0. If (u 2 ) = 0, then we are done. If (u 2 ) < 0, then u ⊥ L is of signature (1, 0, r − 2) and H is then naturally embedded into O(u ⊥ L ). If in addition r = 2, then u ⊥ L is of positive definite and O(u ⊥ L ) is finite, a contradiction. Hence (u 2 ) = 0 when r = 2 and we are done when r = 2. If r > 2, then by the induction, we can find a desired v in u ⊥ L and we are done. If necessarily, by replacing v by ±v/m, we can adjust v so that R >0 v ⊂ ∂P(L) and v ∈ L is primitive.
Next, we shall show the uniqueness of the ray R >0 v. Suppose that there is a ray (0 =)R >0 u ⊂ ∂P(L) such that a(u) = u for ∀a ∈ H and R >0 u = R >0 v. Then
is a linear subspace of L R of dim V ≥ 2 containing v and u. Since P(L) is strictly convex by the Schwarz inequality, we have (v + u) 2 > 0. One the other hand, since each V (h, 1) is defined over Q, so is V . Thus, we may find an element w ∈ L Q ∩ V near u + v such that (w 2 ) > 0. However, we would then have |H| < ∞ by (1), a contradiction. Now the proof of (2) is completed.
Finally
Varying a in H and using (2), we obtain v ′ ∈ R >0 v. Thus b(v) = αv for some α > 0. Since the eigenvalues of b are on S 1 , we have α = 1.
Then M is a negative definite lattice of rank r − 2, and the isometry N on L naturally descends to the isometry of M , say h → h. Set
Then N 0 is of finite index in N and N 0 is a free abelian group of rank at most r − 2. Moreover N is of null-entropy, i.e. e(g) = 0 for ∀g ∈ N .
Proof. The first half part of Proposition (3.9) is clear. We shall show the last three assertions. Since M is of negative definite, the group O(M ) is finite. Hence [N :
where α i (h) (1 ≤ i ≤ r − 2) are integers uniquely determined by h . Since det h = 1, it follows that h(w) is of the form:
where β(h) and γ i (h) are also integers uniquely determined by h. This already shows that N 0 is unipotent. Thus, N is of null-entropy, because [N : N 0 ] < ∞. Let us show that N 0 is an abelian group of rank at most r − 2. Varying h in N 0 , we can define the map ϕ by:
. Now the next claim completes the proof of Proposition (3.9).
Claim 3.10. ϕ is an injective group homomorphism.
Proof. Let h, h ′ ∈ N 0 . Then by the formula above, we calculate:
By using (v 2 ) = 0, we calculate
Thus β(h)(w, v) = 0. Since (v, v) = (u i , v) = 0 and L is non-degenerate, we have (w, v) = 0. Hence β(h) = 0, and therefore h(w) = w. Since v, u i , w forms a basis of L, we have then h = id L . Therefore ϕ is injective.
Proof of Theorem (3.1)
Theorem (3.1) now follows from Proposition (3.9) applied for N = G and v ∈ ∂P(L) ∩ L \ {0} in Lemma (3.8). Q.E.D.
We shall close this section by the following:
Proposition 3.11. Let L be a parabolic lattice of rank r. Let N < O(L). Then N is almost abelian of rank at most r − 1. Moreover, N is of null-entropy.
Proof. Let v be the unique (up to sign) primitive totally isotropic element of L. Then g(v) = ±v for each g ∈ N and those g with g(v) = v form an index 2 subgroup of N . So, by Proposition (2.2)(1), we may assume that g(v) = v for ∀g ∈ N . As in Proposition (3.9), the bilinear form on L descends to the bilinear form on L := L/Zv and makes L a negative definite lattice of rank r − 1. The isometry N also descends to the isometry of L, say g → g.
Set
By the negative definiteness of L, we have [N : N (0) ] < ∞. By Proposition (2.2), it now suffices to show that N (0) is almost abelian of rank at most r − 1.
Let v, u i (1 ≤ i ≤ r − 1) be an integral basis of L. Let g ∈ N (0) . Then we have
Here α i (g) (1 ≤ i ≤ r − 2) are integers uniquely determined by g. In particular, g is of null-entropy. Since [N : N (0) ] < ∞, the action of N is also of null-entropy.
As in the proof of Proposition (3.9), the map ϕ :
is a group homomorphism. This is also injective by the shape of g. Thus, N is almost abelian of rank at most r − 1.
Representations of automorphisms of Hyperkähler manifolds
In this section, after recalling some basic properties of Beauville-Bogomolov-Fujiki's form and transcendental lattice of a hyperkähler manifold M , we study representations of Aut(M ) on the Néron-Severi lattice and the transcendental lattice. Proposition (4.3) and a part of Proposition (4.2) are new. We shall also use Proposition (4.3) in our proof of Theorem (1.3) and Proposition (1.4) .
Let M be a hyperkähler manifold of complex dimension 2m and set H 0 (M, Ω 2 M ) = Cω M . We may normalize ω M as M (ω M ω M ) m = 1. We note that H 2 (M, Z) is torsion free, because π 1 (M ) = {1}.
Define a (real valued) quadratic formq M on H 2 (M, Z) bỹ Then, by using the Schwarz inequality, we see that the signature of N S(M ) is either one of (1 , 0 , ρ(M ) − 1) , (0 , 1 , ρ(M ) − 1) , (0 , 0 , ρ(M )) , i.e. N S(M ) is either hyperbolic, parabolic or elliptic (cf. [Ni] ). By a result of Huybrechts [Hu] , M is projective iff N S(M ) is hyperbolic.
According to these three cases, the signature of T (M ) is (2 , 0 , t) , (2 , 1 , t − 1) , (3 , 0 , t − 1) ,
When N S(M ) is hyperbolic or elliptic, one has also 
As far as the author knows, Nikulin [Ni] is the first who noticed an importance of the last three representations in studying automorphisms of a K3 surface. The next proposition slightly strengthens earlier results of [Ni] , [Be2] , [Mc] and [Og2] :
Proposition 4.1. Let M be a hyperkähler manifold. Let G < Aut (M ). Set A ′ := χ(G) and A := r T (G). Then (1) The natural homomorphism
is an isomorphism. In particular, A is an abelian group.
(2) A ′ < S 1 .
(3) If N S(M ) is elliptic, then A ≃ A ′ is either trivial or isomorphic to Z. Moreover, the characteristic polynomial of g * |T (M ) (g ∈ G) is a Salem polynomial (and in particular has a real eigenvalue α with α > 1) unless g * |T (M ) = id. (4) Conversely, if N S(M ) is hyperbolic, then A ′ is a finite cyclic group µ n for ∃n ≥ 1, and if N S(M ) is parabolic, then A ′ = {1}.
Proof. The statements (1)-(3) and the first part of (4) are all known. (See for instance [Og2] .) Let us show the last part of (4) by using the following general useful Lemma: Proof. Otherwise we have a decomposition
This gives a decomposition of T (M ) Q , say T (M ) Q = V 1 ⊕ V 2 , such that V 1 and V 2 are g-stable and the characteristic polynomial of g * |V i is f i for each i = 1, 2.
Then ω M would belong to either one of (V i ) C , a contradiction to the minimality of T (M ).
Let g ∈ G. Suppose that N S(M ) is parabolic. Then there is a unique primitive totally isotropic element such that (v, η) > 0 for any Kähler class η. One has v ∈ T (M ) and g * (v) = v. Thus g * (ω M ) = ω M by Lemma (4.2). Hence A ′ = {1}.
The following proposition says that a geometric action of G on M can be approximated by its representation on N S(M ) when N S(M ) is not elliptic. (1) The group N is finite.
(2) Assume that N S(M ) is elliptic. Then H is finite.
(3) Assume that N S(M ) is not elliptic. Then K is finite. In particular, G is almost abelian iff so is H, and they have the same rank.
Proof. Let us show (1). We follow [Hu, Section 10] . The group N fixes a Kähler class [η] . By Yau's solution of Calabi's conjecture [Ya1, 2] , there is a unique Ricciflat metricη associated to the class [η] . Thus, N is embedded into the group of isometries O(M,η) of (M,η). This is a compact group, because M is compact (see for instance [He, Theorem 2.2] ). On the other hand, N is discrete by By (1), it suffices to show that the group
By Proposition (4.1)(4), |r T (G)| < ∞. So, it suffices to show that ι is injective. First consider the case where N S(M ) is hyperbolic. Then, N S(M ) ⊕ T (M ) is of finite index in H 2 (M, Z). Thus ι is injective.
Next consider the case where N S(M ) is parabolic. The remaining argument is quite similar to that of Propositions (3.9), (3.11) and [Og1, Appendix] .
By Let
Let g ∈ Ker ι. Then we have
Here a(g), b(g), c i (g) and d j (g) are rational numbers. Note that (v 2 ) = (v, u i ) = (v, t j ) = 0. Hence (v, w) = 0, because BF-form is non-degenerate on H 2 (X, Q). Thus a(g) = 1 from (w, v) = (g(w), g(v)). From (g(w), g(u l )) = (w, u l ), we obtain
forms integral basis of non-degenerate N S(M ). Thus, we have c i (g) = 0 for ∀i from the equality above. Using the fact that t j mod Zv k j=1 forms integral basis of non-degenerate T (M ), we also obtain that d j (g) = 0 for ∀j in a similar manner. Thus g(w) = w + b(g)v.
Since (g(w) 2 ) = (w 2 ) and (w, v) = 0, we have finally b(g) = 0. Hence g(w) = w, and therefore g Q = id H 2 (M,Q) . Thus ι is injective. The last assertion now follows from Proposition (2.2).
Automorphisms of hyperkähler manifolds
In this section, we prove Theorem (1.3). The first case of (1.3)(1) has been treated in [Og2] . In fact, we have shown there the following:
Theorem 5.1. Let M be a hyperkähler manifold with negative definite N S(M ). Then Aut (M ) fits in the exact sequence
where G is a finite group and r is 0 or 1. Moreover, in this case an element g of Aut (M ) is of positive entropy iff g is of infinite order.
Consider the second case in (1.3)(1), i.e. the case where N S(M ) is parabolic. Put H := r N S (Aut (M )). Then, by Proposition (4.3)(3) and a result of Dinh and Sibony [DS] quoted in Introduction, it suffices to show that H is almost abelian of rank at most ρ(X)−1 and is of null-entropy. However, this follows from Proposition (3.11).
Let us show Theorem (1.3)(2). Put H := r N S (G). For the same reason as above, it suffices to show that H is almost abelian of rank at most ρ(X) − 2 and is of null-entropy. However, this follows from Theorem (3.1). Recall that there is a Jacobian K3 surface ϕ : M −→ P 1 such that ρ(M ) = 20 and the Mordell-Weil rank of ϕ is 18 (see for instance [Ny] or [Og1] ). As we shall see in Proposition (1.4), the Mordell-Weil group is of null-entropy (and of course commutative). Thus the estimate in (1.3)(2) is optimal when dim M = 2.
This completes the proof of Theorem (1.3).
Entropy of a K3 automorphism
In this section, we shall prove Proposition (1.4). Let us first show "only if part" of (1.4)(1). We may assume that G is of nullentropy and |G| = ∞. Then N S(M ) is not elliptic by Theorem (5.1 Then (E 2 ) ≥ 0. The class [E] is also G-stable. Thus (E 2 ) ≤ 0 even if N S(M ) is hyperbolic by Lemma (3.8)(1). Therfore (E 2 ) = 0. Hence |E| is free and defines a G-stable elliptic fibration on M .
Next, we shall show "if part of (1)". The result is clear if G is finite. So, we may assume that |G| = ∞ and there is a G-stable elliptic fibration ϕ : M −→ P 1 .
Let C be a fiber of ϕ. The class [C] lies in ∂P(M ) ∩ N S(M ) \ {0} and is Ginvariant. Note also that N S(M ) is either hyperbolic or parabolic. So, the result follows from Propositions (3.9) and (3.11).
The last statement of (1.4)(1) follows from the fact that an elliptic fibration M −→ P 1 on a K3 surface M has at least three singular fibers. (One can check this fact by using χ top (M ) = 24, ρ(M ) ≤ 20 and Kodaira's classification of singular fibers.) Indeed, if G makes an elliptic fibration on M stable, then the action of G on the base, i.e. the group Im (G −→ Aut (P 1 )), is finite by this fact. Thus Gx lies in finitely many fibers for each x ∈ M , whence G has no Zariski-dense orbit. It is clear that G has no Zariski dense orbit if |G| < ∞.
Finally, we shall show (1.4)(2). Put G := g . By the contraposition of the last statement of (1.4)(1), if G has a Zariski dense orbit, then G is of positive entropy, i.e. e(g) > 0.
Let us show the converse. Suppose e(g) > 0. Note that ord g = ∞. We want to find a closed point x ∈ M such that {g n (x)|n ∈ Z} is Zariski dense in M .
Put F = ∪ n∈Z\{0} F n , where Proof. Let S be the Zariski closure of O(x) in M . Suppose to the contrary that S is a proper analytic subset of X. Since O(x) is an infinite set by x ∈ F, the set S is decomposed into non-empty finitely many irreducible curves and (possibly empty) finite set of points. Let C be an irreducible curve in S. Then, there is a positive integer N such that g N k (C) = C for all k ∈ Z. Note that g n (x) ∈ C for some n. (Indeed, otherwise, S \ C would be a smaller Zariski closed subset containing O(x).) Thus, by the choice of x, we have C ≃ P 1 . Hence (C 2 ) ≥ 0 by the adjunction formula. In particular, N S(M ) is not elliptic. If (C 2 ) > 0, then N S(M ) is hyperbolic, and g N , whence g, is of finite order by Lemma (3.8)(1), a contradiction. If (C 2 ) = 0, then C defines an elliptic fibration and the fibration is stable under g N . Then g N , whence g, is of null-entropy by (1.4)(1), a contradiction. Therefore S = M .
